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Abstract. We prove a global logarithmic stability estimate for the 
Gel'fand-Calderon inverse problem on a two-dimensional domain. 



1. Introduction 

Let D be an open bounded domain in M 2 with with C 2 boundary and let 
v £ C 1 (D). The Dirichlet-to-Neumann map associated to v is the operator 
$ : C l {dD) ->■ U>(dD), p < oo defined by: 



3D 



where / £ C 1 (9D), v is the outer normal of 3D and u is the iJ 1 (D)-solution 
of the Dirichlet problem 

(1.2) — A.u + v{x)u = on fl, u\qd = f) 

here we assume that is not a Dirichlet eigenvalue for the operator — A + v 
in D. 

Equation (|1 .2[) arises, in particular, in quantum mechanics, acoustics, elec- 
trodynamics; formally, it looks like the Schrodinger equation with potential 
v at zero energy. 

The following inverse boundary value problem arises from this construc- 
tion: given $ on dD, find v on D. 

This problem can be considered as the Gel'fand inverse boundary value 
problem for the Schrodinger equation at zero energy (see [3], [S]) and can 
also be seen as a generalization of the Calderon problem for the electrical 
impedance tomography (see [3], |9j). 

The global injectivity of the map v — > $ was firstly proved in [9] for 
D C R d with d > 3 and in [2j for d = 2 with v £ LP. A global stability 
estimate for the Gel'fand-Calderon problem for d > 3 was firstly proved by 
Alessandrini in pQ; this result was recently improved in |10| . 

In this paper we show that, also in the two dimensional case, an estimate 
of the same type as in [1] is valid. Indeed out main theorem is the following: 
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Theorem 1.1. Let D C M 2 be an open bounded domain with C 2 boundary, 
let v±,V2 £ C 2 (D) with \\vj \\ c 2 (D) — N for j = 1,2, and $i,$2 the cor- 
responding Dirichlet-to-Neumann operators. For simplicity we assume also 
that Vj\gD = and -§^Vj\dD = for j = 1,2. Then there exists a constant 
C = C(D, N) such that 
(1.3) 

\\v 2 ~ m|Uoo(D) < C(log(3 + ||$ 2 - ^lll" 1 ))"* log(31og(3 + ||$ 2 - ^lir 1 )), 

where \\A\\ denotes the norm of an operator A : L°°(dD) — > L°°(dD). 

This is the first result about the global stability of the Gerfand-Calderon 
inverse problem in two dimension, for general potentials. Results of such a 
type were only known for special kinds of potentials, e.g. potentials coming 
from conductivities (see [6] for example). Note also that for the Calderon 
problem (of the electrical impedance tomography) in its initial formulation 
the global injectivity was firstly proved in |llj for d > 3 and in [8] for d = 2. 

Instability estimates complementing the stability estimates of [T|, [6], [10] 
and of the present work are given in [7] . 

The proof of Theorem 11.11 takes inspiration mostly from |2j and [1] . For 
zq G D we show existence and uniqueness of a family of solution ip zo (z,\) 
of equation (|1.2p where in particular ijj Zo — > e H z ~ z o) 2 f f or \ — y qo. This 
is accomplished by introducing a special Green's function for the Laplacian 
which satisfies precise estimates. Then, using Alessandrini's identity along 
with stationary phase techniques, we obtain the result. 

An extension of Theorem 11.11 for the case when we do not assume that 
v j\dD = and -^VjloD = for j = 1, 2 is given in section [6l 

2. BUKHGEIM-TYPE ANALOGUES OF THE FADDEEV FUNCTIONS 

In this section we introduce the above-mentioned family of solutions of 
equation (|1.2p . which will be used throughout all the paper. 

We identify M 2 with C and use the coordinates z = x\ + ixz, z = x\— 1x2 
where (2:1,2:2) € M. 2 . Let us define the function spaces C\(D) = {u : u, ^| S 
C(D)} with the norm \\u\\ c i {D) = max(\\u\\ c{B) , ||§f || C (D)), Cl(D) = {u : 
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u, ^ G C(D)} with an analogous norm and the following functions: 



(2.1) 




(2.2) 




(2.3) 




(2.4) 




(2.5) 





e A(C- Z0 ) 2 -A(C-f ) 2 /■ e -A(r,- 2() ) 2 +A(f;-So) 2 



4vr 2 7 D (2-r/)(r/-C) 



«2 



f20 * 

D 



f e Hz-zo) 2 -Hz-z ) 2 v ( z ^ zo ^ X )dRez dlmz, 
Jd 



where z,zq,^ G D and A G C. In addition, equation (|2.4I) at fixed zo an d A, 
is considered as a linear integral equation for /i Z0 (-,A) G C\{D). 
We have that 

(2.6) 4-^G Z0 (z,(,\) = S(z-(), 

(2.7) 4 f A + 2X(z - zq)) J^ (z, C, A) = 5(z - Q, 



dzdz 

where z, zq,C, G Z), A € C, <5 is the Dirac's delta. Formulas (|2.6p - ([2.9p follow 
from and from 



(2.8) -4-—^ [z t A) + v(z)i> Z0 (z, A) = 0, 

(2.9) -4 ( ^ + 2A(z - zq) ) ^ Zo (z, A) + v(z)» Zo (z, A) = 0, 



9 1 „, , (3 . „ w A e -A(^-^.) 2 +A(2-5o) 2 A2 2_^_ 2 



— — = <5(z), — + 2A(z - z ) e^o-^o = S (z), 

OZ7TZ \OZ ) HZ 

where z, Zo, A G C. 

We say that the functions G zo , g Zo , ip zo , fi Zo , h Zo are the Bukhgeim-type 
analogues of the Faddeev functions (see [9], [8], [2]). 



3. Estimates for , /i zo , h zo 

This section is devoted to crucial estimates concerning the functions de- 
fined in section [2j 

Let 

(3.1) 9z Q ,\u(z) = g Zo (zXA)u(()dRe(dIm(, z G D, z , A G C, 
Jd 

where g ZQ (z,£, X) is defined by (|2.2p and u is a test function. 
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Lemma 3.1. Let g Z0) \u be defined by (|3.ip . where u G C\(D), z$,\ G C. 
Then the following estimates hold: 

g ZOjX u G Clip), 

(3.2) \\9z ,\u\\ c i (D) < ^-^-\\u\\ c ir B) , [A| > 1, 

| A| 2 

d C2(D,p) 

(3-3) \\g^9z ,\u\\ LP{D) < i ||«|lgl(0), |A| > 1, K p < oo. 

Lemma 13.11 is proved in section [5j 

Given a potential v G C\(D) we define the operator g Z(h \v simply as 
(g ZQt \v)u(z) = g ZQ: \w(z), w = vu, for a test function u. If u G C\{D), by 
Lemma [3.11 we have that g Z(h \v '■ C\{D) — > Cg(D), 

( 3 - 4 ) \\9z Q ,\v\\cl(D) - 2 \\9z ,\\\cl(D)W V \\cl{Dy 

where || • H^i^ denotes the operator norm in C\(D), zq, A G C. In addition, 
HffzthAll^fD) is estimated in Lemma 13.11 Inequality (|3.4p and Lemma 13.11 
implies existence and uniqueness of fJ- Z0 (z, A) (and thus also ip zo {z, A)) for |A| 
sufficiently large. 

Let 

k 
3=0 

Id 

where z, z G D, A G C, k G N U {0}. 

Lemma 3.2. For v G C^(D) such thatv\gD = the following formula holds: 
(3.5) v(z ) = - lim |A|4°)(A), z G £>■ 

7T A— >oo 

In addition, if v G C 2 (D), v\qo = and §j;|aD = £/ien 
(3-6) \v(z ) - £|A|ftg>(A)| < c 3 (D)^^\\v\\ cHD) , 

for z Q G D, A G C, |A| > 1. 

Lemma 13.21 is proved in section [5j 
Let 

W zo (A)= / e x( - z - z ^ 2 ~~ x( - 2 - 2 ^ 2 w(z)dRezdlmz, 
Jd 

where zq G D, A G C and u> is some function on D. (One can see that 
W Zo = hi°Q for «; = v.) 



4%A)= / e A(2 - 2o)2 - X(2 "- 2o)2 f(z)/ii|; ) (z,A)dRezdImz, 
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Lemma 3.3. For w £ C\(D) the following estimate holds: 

(3.7a) \W K {\)\ < C4(C) '° E | ( . 3 | |A|) lkl| c . ( o ) , 20 e D, |A| > 1, 



/or 2 < p < oo. 

Lemma [3.31 is proved in Section 5. 
Lemma 3.4. For v 6 C|(-D) and for \\9zo,X v Wq10^ < 5 < 1 we have that 

(3.8) II^^A)-^^.^)!^^^— , 

(3.9) |^ (A) - fcg)(A)| < C4p) lQS ^ |A|) f_ + ^ || c i ( 73), 

w/iere z eD\ {0}, A € C, |A| > 1, A; G N U {0}. 
Lemma 13.41 is proved in section [5j 



4. Proof of Theorem 11.11 
We start from Alessandrini's identity 

(v2(z) — vi(z))ip2(z)ipi(z)dRez dlmz 

^i(z)(*a-*0(*,OMOK[l<fe|. 



dL> J 3D 

which holds for every ipj solution of (—A + Vj)ipj = on D, j = 1, 2. Here 
($ 2 — <I>i)(z, £) is the kernel of the operator $2 — 

Let Jjl Zq denote the complex conjugated of fi Zo for real-valued v and, more 
generally, the solution of (I2.4p with g Z0 (z,C,X) replaced by g ZQ (z, £, A) for 
complex-valued v. Put ipi(z) = $x, Zo {z,— A) = e~^ z-2:o ) 2 /ii(2:, — A), ^2(2) = 
' l p2,z { z i A) = e A ( z_z o) 2 /j 2 (z, A), where we called for simplicity /2i = £li jZo , = 
/i 2 ,« - Tms S ives 

(4-1) £\,z ( z )( v 2(z) — vi(z))fj,2(z, X)fii(z, X)dRez dlmz 
Jd 

9D j 
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where e XjZo (z) = e H^-^) 2 -Hz-z )\ The left gide j( A ) of gjj can be written 
as the sum of four integrals, namely 



h(X) = / e\ )Zo {z){v 2 {z) - vi{z))dRezdlmz, 
Jd 

= ~ ex >Zo {z){v 2 {z) - vi(z))(^ 2 ~ l)(Mi - l)dRezdlmz, 
Jd 

hW = -hW + / e XtZ0 (z)(v 2 (z) - v\{z))(n2 ~ l)dRezdlmz, 
Jd 

J 4 (A) = -J 2 (A) + / ex, Zo (z)(v 2 (z) - v\{z))(p,\ - l)dRezdlmz, 
Jd 

for zq G D. By Lemma 13.11 13,21 13.31 13.41 we have the following estimates: 
(4.2) 



2 

-|A|Ii - (v 2 (z ) - vi(z )) 

7T 



jog(3|A|) 

C ^ ' — \x\ — " U2 ~ Wl " c2 ( B )' 



(4.3) \I 2 \ < c 5 (D) l ° g ^.^ \\v 2 - ||^i || g i(j) [|^2 

(4.4) |/ 3 | < |/ 2 [ + c 6 (D) l0g(3 i A|) [| U2 -^i!| c i(5)lM| c i( 5 ), 

| A| 2 

(4.5) \h\ < |I 2 | +C6 p)^^|| U2 _ Wl |^ i( ^| h | bi(S)) 

|A|2 

for |A| sufficiently large for example, for A such that 
(4.6) 

2ci(D) , . „ , , ,1 x . 

— — j— max(||ui|| c i (B) , ||wi|| c i(D)> INHcKS)' \\ v 2\\ci{D)) < ^' i A l ^ L 
| A 1 2 ^ 

The right side J(A) of (|4.ip can be estimated as follows: 

(4.7) |A||J(A)| < c 7 (D)e( 2L2+1 )l A l||$ 2 - $i||, 

where we called L = max z€ QD Zo ^d \ z ~ z o\- 

Putting together estimates (|4.2p - (|4,7p we obtain 

(4.8) b 2 (^)-^i(^o)| < C8 p)^Miv3 + 2 C7 (^ )e (^+i)|A||| $2 _ $i || 

|A|5 vr 

for zq & D and iV is the costant in the statement of Theorem 11.11 We call 
e = || $ 2 - t&jJI and impose |A| = 7log(3 + e" 1 ), where < 7 < (2L 2 + l) -1 
so that (14.811 reads 



(4.9) \v 2 (z ) - Vl (z )\ <c 8 (Z))iV 3 (7 log(3 + e- 1 ))-hog(3 7 log(3 + e- 1 )) 



2 



c 7 (L>)(3 + £ - x )^+^ £ , 

7T 
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for every zq G D, with 

(4.10) 0<e<£i(D,N,>y), 

where e\ is sufficiently small or, more precisely, where f|4. 10[) implies that 
|A| = 7log(3 + e" 1 ) satisfies 

As (3 + e-ij^+ihg _). for e -> more rapidly then the other term, 
we obtain that 

(A^\ II II <r fn at ^og(31og(3+||$ 2 -$i||- 1 )) 

(4.11) \\v 2 -vi||i,«»(£>) < C9(D,N,j)- 



(log(3 H- ]|* a — *i||- x )) 



for e = ||$ 2 - $i|| < ei(D,JV,7). 

Estimate (|4.1ip for general e (with modified cio) follows from (|4.1ip for 
£ < £i(D, Njj) and the assumption that < iV, j = 1,2. This 

completes the proof of Theorem 11.11 



5. Proofs of the Lemmata 
Proof of Lemma \3.1\ One can see that g ZQ ,\ = jTT ZQ ^\, for zq, A € C, where 
(5.1) 

Tu(z) = -- [ ^-dRe(dIm(, 
n Jd C - z 

(5.2) 

e -X(z-z () y 2 +X(z-z ) 2 r e A(C-^o) 2 -A(C-5o) 2 

T Zo ^u(z) = / = — = u(()dRe(dIm(, 

7T Jd C - z 

for z € D and it a test function. Estimates f|3 . 2[> . (j3.3|) now follow from 
(5.3) Tu; G C^-D), 



(5.4a) H^HIc^S) — n i(^ ) )ll' u; llc(S)> where w G C(D), 

dT 

(5.4b) < n ( D >P)\\ w \\LP(D)> 1 < P < oo, 

(5.5) f ZOjAU G C(5), 

(5.6) ||^ 0iA u|| c{5) < n2 ? ||«||ci(j), |A| > 1, 

|A| 2 

f5 7^ I1T „ll ^ log(3|A|)(l + |z-Zo|)n 3 p) 

(5.7) ||T Z0 ,A«llc(D) < \X\\z-Z \ 2 I A I > 1. 

where u G C\(D), zq, X G C. Estimates (I5.3p . (I5.4p are well-known (see |12j ) 
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The assumption u G CJ(Z)) is not necessary at all for (|5.5p : indeed, using 
well-known arguments it is sufficient to take u G C{D). 
Let us prove fj5.6|) and (|5.7|) . We have that 

-7re x ^- z ^-^-^ 2 f Z0 ^u(z) = I Z0 ,x,e(z) + J ZoXE {z), 

where 

r MC-z ) 2 -X(C-z ) 2 

(5.8) I Z0 ,xA z )= / u(()dReCdIm(, 

JOn(B z , E uB Z0 , e ) C - ^ 

/" A(C- ZO ) 2 -A(C-5o) 2 

(5.9) J ZoX£ ( z )= ^— u (C)dReCdImC, 

and B Z)£ = {Q G C : |C - z\ < e}, £> 2 , 20 , e = D\ {B Zfi U B Z(h£ ). One sees that 

(5.10) \I zoXe {z)\<2 I' ll ^ ll ^ ) dReCdImC = 47r £ |ln|| c(5) , 

JB ZtE Is. z l 
with z, zo, A G C, e > 0. Further, we have that 

J zoX£ (z) =~ f f e AK-o) 2 -A(C- 2 -o) 2 ) ;dRe(dIm( 

= Jz ,\,e( z ) + ^zoAeC 2 )' 

where 







4iA J 




2aX z 






,Z0> £ 



(C-f)(c-^,) 



J2 (z) = _t / e A(C-,o) 2 -A(C^o) 2 « ( "(0 J\ dReC d I mC 



Now we get 

\JLxA Z )\ < M lzo,X,e 



MMJaD^, e |C-^IIC-^o|' 

(5 - n) M ^ * m L w (\rw + ra) |dCIIHI ^' 
(5 - 12) K - L + irhij) i«i°<*>- 

We also have 

, j2 ^, <M 2 ._j_y 'S (c)l | koi 



W^W |C-*||C-*bl |C-*l 2 IC-*ol 

|C - *||C - z Q \ 2 
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if 19(01 lg(0l KC)| 

(5.13) Ml ZQXe < — I + j^—^ + 2- 1 



2|A|7^ , £ IC-^I 2 IC-^-ol 2 |C-*| 



(5.14) 



Z ' Z0 ' X ' £ - 2\X\J Dzzot£ \(-z\\z-z \ ^ \C-z \\z-z \ ^ \C-z\*\z-zo\ 

, _ iKQj + 2KQ| + 4KQ| dReCcflmC 

|C - - zol 2 IC - 2 | 2 |2 - z | IC - ^olk - 2 | 2 
Using (I5.1ip and (|5.13p we obtain that 

(5.15) 

\Jl ,xA z )\ ^ |Ar 1 n 4 (Z?)^ 1 ||n|| c(1)) , 
(5.16) 

\JlxA z )\ < iXrWme-HuWoiD) + |A|- 1 n 6 p)log(3 £ - 1 )|||||| c(D) , 

where z, zq, A € C, |A| > 1, < e < 1. 

If Zo 7^ 21 we can use (|5.12p and (I5.14p in order to obtain 

(5-17) [JJo.vOOl < |Ar 1 |z-z r 1 n 7 ( J D)log(3 £ - 1 )|| U || C ; (D) , 

(5.18) |4,a»I < lAl-^-^r^BCDJlogCfe-^llullc^) 

+ |Ar 1 |z-z b |- 1 nBp)ll^llo(B), 

Finally, putting e = |A|~5 into (foTTUj) . (f5TT5|) . (f5"16j) we obtain while 
putting e = (A)" 1 into (|57ID]> . (IBTTTjl . (f5TTgj) we obtain {577} . The proof 
follows. □ 

Proof of Lemma \3.SX First we extend our potential d to a larger domain 
D\ D D (always with C 2 boundary) such that dist(dD\, dD) > 5 > (for 
some 5) by putting d^vd = 0- 111 such a way i? € C (D%) n C 2 (D\ \ dD) 
with |H| (7*8(2^ ) = IMIc fe (D) f° r k = 1,2. 

Now let X5 be a real- valued function on C, with 5 > 0, constructed as 
follows: 

X*(*0 = X(V*)> where 

X S C°°(C), x is rea l valued, 

x{z) = x(M), 

X{z) = 1 for \z\ < 1/2, 
x(z) = for \z\ > 1. 



+ 2 | j u(C - >l |q dReCcflmC 



i r 2 i|(oi , 2||(oi 2 K0 | 
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Let 

Vlin(z, Zq) = v(zq) + V z {zq){z - Zq) + V 2 (zq)(z - Zq), 

for z,z G D x , v z = || and v s = §§. 

We can write h% (A) = (A) + i? 20j< s(A), where 

S, . 5 (A) = / e A ^-^) 2 -^- 5 ")% /m (z,z )X5(^-^o)dRe^Imz 
^ z2+ ~ z2) vun(e- l ^z + 2Q, zo) x ,(z)dRez cflmz, 



R Z0 ,s{\) = / e A (^-^) 2 -^ J -^) 2 („(*) - Vhn (z, z )xs(z ~ zq)) dRez dlmz 

where <p(X) = |(arg(A) - §), z G D, A G C. 

Using the stationary phase method we obtain that 

(5.19) «(«„) = - lim |A|S 2o , 5 (A), 

7T A— >oo 

(5.20) K*o) - ^|A|^ 0)(5 (A)| < qi (D,5)\\v\\ CHD) \\\-\ 

zq G D, 5 > 0, A G C, |A| > 1. Integrating by parts we can write 



^(A) = -xt / 75= e 



X W-^^^^-^.)) ^ dIm , = R l (A) + ^2 (A) 

Z - Zq °' °' 

Z0 ' S 4i\ J dDl z-z 

Rl ( A ) = -L f e Hz-zof-X(z-zof 



2A 



Di 



x ± ( « z )- v Uz,z ) X s(z-z )) \ ^ 

OZ V 2 - ^0 / 

for zq G -D, A G C \ {0}. In addition, we have that 

(5.21) lim \\\RloA X ) = °> 

A^oo u ' 

(5.22) lim |A|^ 0i5 (A) = 0. 

A^oo 

Formula (|5.2ip follows from properties of X6i the assumption that zq G D 
and that v\qe> 1 = 0. Actually, as a corollary of this properties we have that 
v(z) — vn n (z, zo)xs(z — zq) = for z G dD\ and, therefore, R\ o s (X) = for 
A G C\{0}. 
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Formula (|5.22p for v G C l {D\) is a consequence of the estimates 



(5-23) R 2 Z ' \ £ (X) := [ , 



e \{z-z ) 2 -\(z-z ) 2 



x a f {v{z)-vUz,z*)x6{z-zo)y dRezdlmz = 0{£) as£ ^ 

OZ V Z — Zq 



(5-24) R^ Ae (\) := [ e 



2,2 m ._ / A(*- ZO ) 2 -A(2-zo) 2 



az V 2 — 



where B w , 6 = {z G C : \z - z \ < e}, D ZQi£ = D x \ B ZQ:£ . In (|Q3> (jjTM]) we 
assume that zq G D, < e < 5, A € C. 

Estimate (I5.23P is obtained by standard arguments using that 

\v{z) - v(z )\ < \\v\\ C l(ty\z - Z \, Zq G D, Z G B^g, 

while (|5,24p is a variation of the Riemann-Lebesgue Lemma. 

Formula (J33J) now follows from ff57T9|) . (l5"2T1) . (l5"22"D . 

Under the assumptions mentioned in Lemma 13.21 the final part of the 
proof of estimate (|3.6p consists in the following. We have, for e < 5/2, 

?kok\ IE>2,1 m , ^ f \v(z) -v Hn (z,z )\ 

( 5 - 25 ) l^;,«5, e ( A )l ^ / 1 i2 dRezdlmz 

f \v g (z) -Vz(z )\ 7 2 

+ / : : aRez almz < -7r||?j|[ C 2(5)e , 

Jb ZQiE \z-z \ 2 



R 2 ' 2 (\)- — f A />(*-*o) 2 -A(S-*o) 2 ^ ' 



Z~ Zq 



d ((v(z)-VUn(z,Z ) XS (z-Z ))\ dRezd[mz 



dz \ Z — Zq 

^«!i(A)+<!£(A)), 

#f^(A) = I / e A(,-,o) 2 -A(,--,-o) 2 ^. 



/ (f(z) - ^m^jpjxKg ~ z o)) \ . 
ZL f c Mz-z ) 2 -\(z-z Q ) 2 1 ^ / W(£)j 1 ^in(£ 1 £0)\ ^ 
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d 



where we used in particular that v\qd 1 = 0, ■^v\qd 1 = 







o X(z-z ) 2 -X(z-z Q ) 2 



1 d ( (v(z) - v Un {z, z )xs(z ~ Z )) 



dz \z — zq dz 
We have, for s < 5/2 



z - z 



dRcz dlmz. 



(5.26) 



(5.27) 
(5.28) 



1 



zo,5,e 



\v{z) - Vlin(z,Z )\ 
\z ~ Z \ 3 

\Vz(z) ~ Vg(Zo)\ 



\dz\ 



\dz\ < -tt\\v\\ c2{B) , 

l< 2 i/2( A )l^92(A5)||«|b 2(5) , 



\z - z \ 2 

,2,2.2 



\ R lSe( X )- R io,i,5/2( X )\ -Y, u j (z,z )dRezdlmz, 

j = l J B z ,S/2\Bz ,e 



Vz{z) - V 2 (z Q ) 



with 




(5.29) 


ui(z,z ) 


(5.30) 


u 2 (z,z ) 


(5.31) 


U3(z,Zo) 


(5.32) 


Ui(z,z ) 


(5.33) 


Ub(z,Zq) 


This yields 




(5.34) 





\z 


-z \ 2 




1 


\z 


-z \ 2 




1 


\z 


- z \ 




2 


\z 


- 20 1 




2 


\z 


- Zq\ 



Z~ Zq 

v{z) - v Hn (z,z ) 



(z-zo) 2 

Vzz(z) 



Z~ Zq 
Vz{z) - v 2 (zq) 



(z - ZQ? 
v(z) - v Hn (z,z ) 



,2,2,2 



(^o) 3 

<?3 lo S(^ 



where z G D, < e < 5/2. A G C \ {0}. Using (15~m ([q~25D - (^MD with 
e = |A| _1 we obtain ()3.6p . Lemma 13.21 is proved. □ 

Proof of Lemma \3.3[ We write 

Wz (X) = Wl e (X) + WlJX), 



WiJX) 



o \(z-z ) 2 ~\(z-z )' 



o \(z-z ) 2 -\(z~z f 



D\B ZQ „ 



w(z)dRez dlmz, 



w(z)dRez dlmz, 
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where B ZQt£ = {z G C : \z — zq\ < e}. One sees that 

(5.35) |Wi e (A)| < / \\w\\ c m\dRezdlmz = tt\\w\\ C ( D )£ 2 , 



■-() 

-1 



ir- ( \ ) - — / — ( e Hz-z ) 2 -Hz-z*?\ ^M. 

W ^ [A) 2\J D \ B ^dz\ e J-z-zo' 

= W 2 +(X) + W 2 £(X), 

AiX J d (D\B Z0 , e ) z-z 



W ^ e{ X) = JL[ e A(,-,o) 2 -A( 2 --,-o) 2 |_ ( <±) dRez dlmz . 

MJd\Bw dz \z-z J 

We have 

(5.36) |W*£(A)| < |A|- 1 a 1 (D)|| W || c(5) log(3 £ - 1 ), 



(5.37a) \W^ 6 (X)\ < |Ar 1 a 2 ( J D)||^|| c i (S) log(3^ 1 ) 

(5.37b) \W^ £ (X)\ < IXl-^mHldD) logiSe- 1 ) 

, dw 



lAl^aaCD.p)!! — 11^, 



for z G D, X G C \ {0}, < e < 1, 2 < p < oo. 

Using (l5"35l) . ff5T36|) . (^37jl with e = |A| _1 we obtain (|577j) . This finishes 
the proof. □ 

Proof of Lemma \3.4\ Formula (|3.8p follows from the assumption on ||<7 Z0) ,\i>|| 
and from solving (|2.4p by the method of successive approximations. 
The proof of estimate (|3,9p follows from (|3.8p and Lemma 13.31 The proof 
follows. □ 



6. An extension of Theorem 11.11 

As an extension of Theorem 11.11 for the case when we do not assume that 
Vj\gD = 0, -§^Vj\dD = 0, j = 1,2, we give the following result. 

Proposition 6.1. Let D C M 2 be an open bounded domain with C 2 bound- 
ary, let V\,V2 G C 2 (D) with \\vj\\(prj}\ < N for j = 1,2, and $i,$2 the 
corresponding Dirichlet-to- Neumann operators. Then, for any < a < |, 
there exists a constant C = C(D,N,a) such that the following inequality 
holds 

(6.1) \\v 2 - uillL-p) < Clog(3 + ||$ 2 - ^illr 1 )^, 
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where \\A\\i is the norm for an operator A : L°°(dD) — > L°°(dD), with kernel 
A(x,y), defined as \\A\\i = swp X)yedD \A(x, 3/) [(log (3 + \x - 2/[ -1 )) -1 . 

All we need to know about || • |ji consists of the following: 

i) \\A\\L°°(dD)^L°°(8D) < const(D)\\A\\i; 

ii) by formula (4.9) of [S] one has 

IMlL°°(aD) < const\\® v - $ ||l- 

In order to prove Proposition 16.11 we need the following modified version 
of Lemma 1^21 We will call (dD) 5 = {z G C : dist{z,dD) < 8}. 

Lemma 6.2. For v G C 2 (D) we have that 
(6.2) 

^(^o)-!^!^^^)! < ^i(^)^ 4 ^|||^!|^|| C72( S)+^2(^)log(3+5- 1 )||^|| c(az)) , 



for z eD\ [dD) s , < 8 < 1, A G C, |A| > 1. 

Proof of Lemma 1 6. °A Let \8 De as i n the proof of Lemma 13.21 We have in 
particular that 

( 6 - 3 ) llx<5|lc fc (c) ^ <5~ fc Hxllc fc (c)> k G N. 

Let 

Vlin(z, Zq) = v{zq) + V z (zq)(z - Z ) + V z (zq)(z - Zq), 

for z, z G D, v z = |f and v z = %. 

We can write h z ° \\) = S ZQt s(X) + R ZQ> $(X), where 

S Z0 ,6( X )= / e x,z () (z)viin(z,z )xs(z - z )dRez dlmz 
Jc 

= [ e i ^ z2+ ^v lin (e- i ^z + z ,z )x8(z)dRezdlmz, 
Jc 



R Zo ,s{X) = / ex, zo (z) (v(z) -vii n (z,z )xs(z - z ))dRezdlmz 
Jd 

where 99(A) = |(arg(A) - § ), e x , zo {z) = e H—o) 2 -X(z-z a )^ zq & D\ (dD) s , 
A G C. 

Using the stationary phase method and the explicit construction of xs we 
obtain that 

(6.4) v(z ) = - lim {XlS^iX), 

7T A— i>oo 

(6.5) \v(z ) - ^\X\S ZOj5 (X)\ < ^^-llvllc^BjIlxllcf*^)^! -1 ! 

z Q G D \ (dD)s, < 8 < 1, A G C, |A| > 1. Inequality ([63]) follows from 
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\v(Zq) - ^|A|5 2f)i5 (A)| < ^|^||^m|lc4(D)IIX<5|b 4 (C) 

Pi(D) u 

where we used [5j Lemma 7.7.3] and (|6.3p . 
Integrating by parts we can write 

2A J D dz z- z 

= Rl lh s(X) + R 2 Z0 4X), 

ol m _ - 1 f „ /y> Mf) - v Un(z,Z )x5(z- Z )) 

R Z0 A X ) ~ ^ J a ^M j— ^ 

R ^ {X) = 2A j D ex ^ Z) Tz { ITTo ) dRezdlmz, 

for zq G D \ (dD)s, A G C \ {0}. In addition, we have that 
(6.6) ^|A|K,i(A)| <K 2 ( J D)log(3 + 5- 1 )|| U || c(9D) . 

Formula (j6.6j) follows from the fact that x<5(- 2; ~~ z o) = for z G <9Z), zo £ 
D \ (dD)s and from the estimate 

V mi< 21 / ij z i < ^)M3+j^) 

We now write j£ f ,(A) = £(ift, e (A) + < 2 5 , £ ( A)), with 
(6.7) 

E.2,1 m /" , v 9 f (v(z) -Vlin(z,Z )xs{z ~ Z )) \ 

R zoAe( x ) = / ex ' z ^dz ( i^i J dRezdlmz 

(6.8) 

r.2,2 m / n 3 /(u(z) - U/ in (z,Zo)X5(^ - ^o))\ , T 

where £ ZQ)£ = {z G C : \z - z \ < e}, D Z(h£ = D \ B Z(h£ . In ^-<^ we 
assume that zq G D \ (dD)s, < e < 5, A G C. 

The final part of the proof of estimate (|6.2p consists in the following. We 
have, for e < 5/2, 

(6-9) < ^McW*' 
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exactly as in (|5.25|) . 



zoAe 2i J dD ' z - zo dz \ z-z 



x #- f K*)-W*.*)x*(* -*>)) ') (/R( , : (/lu , : 



If ,.10/ v(z) - v Hn (z,z ) . 
-TP / e\,z Q (z)- -j- - — z dz 

2l JdB ZOrS z - z dz \ z- z 

If 1 d ( v(z) \ 

2l JdD Z — ZqOZ \Z — Zq J 



x #- f _J_ * f («(*)- W*,^(*-*a)m dRezdImz . 

az \ z — zq dz \ z — zo ) ) 

We have, for e < 5/2 
(6.10) 



2 k - ^o| 3 2 7 9D |z - z \ 



7_ IL .„ _ , p2(£>) 

(6.11) 



(6.12) 

I 7,2,2,2 m , P3(-P) || || 

2 2 2 2 2 2 5 /" 

with n,- defined as in (|5.29p - (l5.33p . This yields 

(6-13) l< 2 £(A) "<S /2 (A)| < M^logC^IMI^S), 



GLOBAL STABILITY IN 2D 17 



where z E D \ (dD) 5 , < e < 5/2, A € C \ {0}. Using (|B3|I . (16T6D . 
(IQ1l- (l6J3l) with e = (Al" 1 we obtain flOJ) for |A| > §. 

Notice that only the estimation of |A||i?^ o 5 (A) | requires |A| > |. In that 
case one has 

2 |\III?2 ^ m\A-4 lo g( 3 l A D II || 

-IMlRzvA^ ^P$\ D ) 5 Hlc*(B)- 

If 1 < |A| < | we have that 

(6.14) |iaik,,(a)i < mm 

and 

(6.15) P5{D)5 p- ||u|| C 2 (5) > -^^log(65 )\\v\\ C 2 {D) , 

where we used the fact that the function log ( 3s ) is decreasing for s > |. 
We now define 

2p 6 (D)N 

c — 



p 5 (Z))log(6)||w|| C 2 (5) ' 
in order to have 



f|AiK,,(A)i < cV 5 p)r 4 ^ffll||,|lc 2( D), 



for 1 < |A| < §, < S < 1. 

Thus, taking k% = max(p5, c/p5, Pi||xll(7 4 (C)); we obtain estimation (I6.2p 
for |A| > 1 and < 5 < 1. This finish the proof of Lemma 16.21 □ 

Proof of Proposition \6.1\ Fix < a < g , and < 5 < 1 . We have the 
following chain of inequalities 

\\v 2 - Ul||i<»(D) = max(|[?; 2 - 1>1 |U°°(I5n(aD) 5 )> 11^2 - Wi||l°°(£)\(9£))j)) 

log(31og(3 + ||$ 2 -$ 1 ||- 1 )) 



< Cimax 2N5 + I $ 2 - $ 



<5' 



ii) 



5 4 log(3+ ||$ 2 -^ilh 1 ) 

+ iog(3 + !)!•, - + M3M3 + ll^-Mr;)) N 

(log(3 + ||^2 — ^ill-i))^ 



< C 2 max ^2AT<5 + ||$ 2 - ^Jx, log(3 + ||$ 2 - ^Jr 1 )" 5 " 

* (log(3 -K ||^2 — ))^ / 

where we followed the scheme of the proof of Theorem 11.11 with the following 
modifications: we make use of Lemma [6 . 2 1 instead of Lemma [3.21 and we also 
use i)-ii); note that C\ = Ct(D,N) and C 2 = C 2 (D,N,a). 
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Putting 5 = log(3 + ||$ 2 - *i||r ) a we 

obtain the desired inequality 
(6.16) ||V2-t;i|U=o(j,) < C 3 log(3 + ||# 2 - ^illr 1 ) - ", 

with C 3 = C 3 (D,N,a), ||$ 2 - $i||i = e < £i{D,N,a) with ei sufficiently 
small or, more precisely when <5i = log(3 + e^ 1 )^ satisfies: 

<Ji < 1, ei < 2J\T5i, log(3 + hsi < 5 t . 

Si 

Estimate (|6.16p for general e (with modified C3) follows from (|6,16p for 
£ < £i(D,N,a) and the assumption that — N for j = 1,2. This 

completes the proof of Proposition 16.11 □ 
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